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Abstract-Diffraction of SH-waves by an elliptic elastic cylinder has been discussed. Results
are derived also for the case of an elliptical cavity. Numerical results are presented for the shear
stress on the cylinder.

1. INTRODUCTION

Wave propagation in an elastic medium in the presence of variously shaped inclusions or
cavities is of interest in many areas of engineering and geophysics. For reasons of various
applications, the diffraction of elastic waves by an inclusion or a cavity has been the subject
of several studies in recent years (for a detailed review, see [I]). However, most of these
studies are concerned with diffraction by spheres, penny-shaped cracks or discs, circular
cylinders and Griffith cracks or rigid ribbons. The reason being that in the mathematical
analysis of diffraction problems, conventional techniques are limited to examples exhibiting
strong geometric symmetry.

In an earlier paper[2] we have used the method of matched asymptotic expansions to
solve the problem of diffraction of a P-wave by a rigid spheroidal inclusion. We presented
both the near- and far-field solutions and then presented numerical results for the far-field
displacement, stress distribution on the inclusion and the response of the inclusion. Various
limiting solutions that can be obtained from the spheroidal solution are discussed in [3] and
have been shown to agree with the exact solutions. It was found in [2, 3] that the expansion
of the displacement field for small wave numbers e is a power series in e.

In the present paper we have used the same technique to solve the diffraction of SH-waves
by an elliptic elastic cylindrical inclusion. In this case, not only terms of O(eP) appear but
also those of O(eP(ln e)q). So the analysis is not as direct as in the three dimensional case and
thus is of some interest. Besides, the problem does not have a suitable exact solution (see [1],
pp. 446-451). In the case when elliptic inclusion is a cavity or when it is rigid, formal
solutions can be found (see [I], pp. 440-446). However, no numerical results have been
reported. Harper[4] has presented the solution for acoustic diffraction by a cylindrical
cavity by using the technique of matched asymptotic expansion. In that case the expansion
comes out to be in powers of Ifln e and is different from ours.

2. EQUATIONS

Consider an elastic elliptic cylinder of rigidity Pt' embedded in an infinite elastic medium
of rigidity Pl' We shall assume that the inclusion is in welded contact with the surrounding
medium. Let the z-axis be along the axis of the cylinder. Define elliptical coordinates in a
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plane perpendicular to the z-axis as

x = c cosh ecos fJ,

eo :<;; e< 00,

y = c sinh esin fJ

-n:<;;fJ:<;;n.
(1)

The boundary of the ellipse is given by e= eo'
Suppose that a plane SH-wave is incident along the y-axis. The displacement field

associated with the incident wave is given by

U (i) = u (i) = 0
x y , (2)

Here k = w/Cz, Cz being the shear wave speed in the matrix and w/2n is the frequency.
The complete wave outside the cylinder will be denoted by

e-iwtW = W(i)/Wo + w(se)/wo (3)

and that inside the cylinder by

(4)

(6)

(5)

Then Wand W' satisfy the equations

1 (02 Oz )
hZ oez + OfJz W + k

Z
W = 0

1 (Oz (2
) W' k,2W 0

hZ oez + Ol1 Z + =

hZ = cZ(coshZe- COSZ fJ)

with k' = w/Cz', Cz' being the shear wave speed inside the cylinder. The boundary condi­
tions on e= eo are

W=W',

oW ,oW'
fJ.18'[ =fJ.l 8['

(7)

(8)

Besides wise) must satisfy the radiation condition at infinity.

3. SOLUTION

We shall solve (5) and (6) for small values of e( = kc) and e'( = k'c). For this purpose, we
introduce the inner expansions as

W = 1 + vt(e)W1 + vz(e)Wz + .

W' = 1 + vt(e)W/ + vz(e)Wz' + .

For the outer expansion, we assume

W = e
iy + d1(e)w1(p, 11) + dz(e)wz + ...

where

(9)

ji = ey/c = ey, P= e sinh ~. (10)
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In terms of outer variables W satisfies the equation

For matching we shall introduce the intermediate variables
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(1 I)

(j
y~ = ji(j(e) = y - ,

e

It is easily shown that

(j
p~ = p-,

e
(12)

v1(e) = e

W1 = iy + Dlle-~ sin 11

W1' = Dll ' sinh esin 11

with

. (1 - ji)e~o sinh eo cosh eo
Dll = -I ~(eo)

jiei;o
D ll ' = i ~(eo)'

(13)

Writing equation (13)1 in terms of intermediate variables and expanding in powers of (j,

we get

(14)

To find W1 let us take ~l(e) = e2. Then we see from equation (11) that

(15)

the solution of which we take as

(16)

Writing in terms of intermediate variables and expanding in powers of e/(j, equation (16)
gives

(17)

Here'}' is the Euler's constant, 0·5772. For matching to O(e(j), we see that 011 = (i1t/4)Dll .

Next we choose v2(e) = e2 In e, v3(e) = e2 with

(18)
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(21)

W3 = -15'2 + D 30 + C30 + D32e-2~ cos 2'7

W3 ' = - ~ Ild:/ (cosh 2~ + cos 2'7) + C30' + D 32 ' cosh 2~ cos 2'7. (19)
8 /11 PI

From equation (19)1 we get

W3 = - !y/jb2+ D 30 [InJ+ In 2 + ;}:b
2
/p/] + C30 + ;}:D32 :b: cos 2'7 + 0(b

4
jp/). (20)

Thus for matching to 0(82) we set

in
OlD = -"2 D 30

C30 = D 30 [y - 21n 2 - irrj2]

D zo = D 30 .

The constants D30 , D32 , C30', D32 ' are determined from the boundary conditions on
~ = ~o as

e2~O sinh 2~0[cosh2~oCu - I) + I _ p-1]
D 32 = 8A'

, cosh 2~0 + fi sinh 2~0 - I + fijp
D 32 = 8A'

(22)

A' = sinh 2~0 + fi cosh 2~0

(23)

I P- I .
D 30 = 4: -p smh 2~0

C30' = C30 + D 30 ~o + t[cosh 2~0(fijp - I) + I].

Note that when p = I, D30 , and hence 010' C30 and Dzo vanish.
Proceeding in this manner, it can be shown that

W = I + 8W1 + 82 In 8Wz + 82W3 + 83 In 8W4 + 83 WS + 84 (ln 8)2W6 + 84 In 8W7 + 0(84
).

(24)

W' has a similar expansion. W4-W7 and W4 '-W/ are given by

W/ = D 41 ' sinh ~ sin '7

Ws = - ~ 5'3 + sinh ~ sin '7(CS1 - ;j.-Dll )

+ sin '7(D S1 e - ~ - 312 Dll e - 3~) + sin 3'7(D s3 e-3~ - 3~Dll e-~)

Ws' = sin '7[D S1 ' sinh ~ - 3~P Dll ' sinh 3'7]

+ sin 3'7[D s3 ' sinh 3~ - 3~P Dll ' sinh ~]

(25)

(26)
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(27)

(29)

(28)

(30)

i )!' -2~ 2W7 = - - alo(cosh 2~ + cos 21'/ + D 70 .. + C 70 + D n e cos 1'/
4n

W/ = -..!- ~ alO(cosh 2~ + cos 21'/) + C70' + D n ' cosh 2~ cos 21'/.
4n p

The outer expansion is obtained as

w = e iy + e2[al0Ho(lJ(p) + au H/1)(p)sin 1'/]

+ e4 In e[a20 H 0 (l J(p) + a21H1 (l J(p)sin 1'/] + 0(e4),

a20 and a2l are given in the appendix.
As a limiting case of the above analysis, one can now derive the solution for the circular

cylindrical inclusion. This limit is obtained by letting c -+ 0 and ~, ~o -+ 00 such that
ce~ -+ 2r, ce~o -+ 2a, where r is the distance from the center arid a is the radius of the cylinder.
Writing e = ka, we obtain

w = eiy + e2 [alO H o(l J(r) + aU H 1(lJ(r)sin tI]

+ e4 1n e[a2o Ho(l J(r) + a21H1(lJ(r)sin tI] + 0(e4
).

W is given by the same expansion (equation 24) with the new definition of e and WC W7

are given in the appendix. It is easily shown that these expansions agree with the expansions
of the exact solution

~ ~

W = e iy + I. A2nH2n(lJ(r)cos 2ntl + I. A2n+1Hi~~ 1(r)sin(2n + 1)8 (31)
n~O n~O

in terms of the near-field and far-field variables. Here

A e'J 2n'(e')J2n(e) - jieJ2n'(e)J2n(e')
2n = e2n lleH2n(1)'(e)J2nCe') _ e'J2n'(e')H2n(l J(e)'

A 2n +1is obtained from A 2n by changing 2n to 2n + 1and multiplying the resulting expression
by i.

en = 1,

=2,

n=O
n #0.

We can also derive the expansions for the field scattered by an elliptical cavity by using
the appropriate values of the constants. These are also given in the Appendix. As a limiting
case of the elliptical cavity, one can now find the solution for the Griffith crack by letting
~o -+ O. One obtains

D l1 = i, au = -n/4, al0 = 0

W2 = W3 = 0, D 4l = -i/4, D Sl = CSl + 3i/32

CSl = ~ [2 In 2_y + ~ + i;] (32)

i
D S3 =-,

96
a2l = n/16, a20 = o.



128

Thus

S. K. DATIA

(33)

W = 1 + ie[y + e-~ sin 11] - ~ e3 1n £[y + e-~ sin '1]

3[ i -3 . . h ;(c i '")+ £ - 6y + sm 11 sm '" 51 - .4 c;;

+ sin Il(D51e- ~ - ;2 e - 3;) + :6 sin 311(e-3~ 3ie-;)1 + 0(e5 In e).

This agrees with the result derived in [5].
In the foregoing analysis, we have presented the results of an SH-wave incident along the

minor axis of the ellipse. However, it is a straightforward matter to extend it to include the
general incidence. In fact, when the wave is incident at an angle W, IV will be given by
the same expansions (equations 24 and 29). Of course, W;'s will be more complicated
and the constants will be different.

4. NUMERICAL RESULTS AND DISCUSSION

In Figs. 1-4 we have plotted I!;Jro I and I!~z/!o I on ~ = '0 for two types of composites
and for the scattering by a cavity. Here !o = f£1l1 Wole. The matrix materials have been
taken to be aluminum and polymethyl methacrylate (PMMA) and the inclusions are taken
to be made of tungsten and 302 stainless steel, respectively. The values have been plotted
against £1 = £ cosh ~o for different ~o' Note that in the limit when c - 0, ~o - (f,) such that
c cosh ~o = a, £1 becomes ka.

8.0

-- '1<-90·
--7]::" 90f\"
..-+-- CIRCULAR

CYLINDER
i" 0.17
p' 0.14

o
~ 4.5

N

~

L~~':>I -~1.01 <0< 0.005
i-----106·----------To-----------to---

E"1-

Fig. 1. Plot of 17,:'.170 I against 81 for different go for Composite I at 7) = ±90°.
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Fig. 2. Plot of IT~./To I against 1'1 for different go for Composite II at 7J = ±90°.
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Fig. 3. Plot of IT~./To I against 1'1 for different go for Composite I at 7J = 0°.
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Fig. 4. Plot of IT.,/To I against £, at 'YJ = 0° on an elliptical cavity.

Figure 1 shows the variations of IT:~Jr:o I in the matrix for Composite I (tungsten fibre
embedded in aluminum matrix). Note that in this case ji = 0·17 and p = 0'14. It is seen that
for ~o ~ 5'0, the results agree very well with those for the circle to the same order of approxi­
mation. This is also found to be true for the Composite II (302 stainless steel fibres in
PMMA matrix, see Fig. 2). For Composite II ji = 0·028 and p = 0'15. Thus Composite II
has almost the same density ratio, but its rigidity ratio is about one-sixth that of 1. It is seen
that for small e l IT:~z/T:o I at I'J = +90° is larger for Composite II than for Composite 1.
However, this trend is reversed for larger el . For both cases, we find that IT:~z/T:ol is larger
for positive el on the illuminated side than on the shadow side. Figures 1 and 2 show that
at I'J = -90°, this ratio increases much more rapidly than at I'J = +90°.

Figure 3 shows the variation of IT:~z/T:o I and IT:~z/T:o I at I'J = 0° for Composite 1. It is seen
that IT:~z/T:o I increases very rapidly for small ~o. It is of interest to point out that IT:~z/T:o I
first decreases with increasing ~o and then increases. On closer examination of T:~z/T:o, we
find that for small e and at I'J = 0°,

ie -H 3
T:~z/T:o = - - (D30 - 2D32 e 0) + O(e In e).

h

Thus, for small ~o and small e

If we let ~o -+ Cf) with c cosh ~o -+ a, e -+ ka, we get
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ie [2 I]
T~z/To '::::: - 2" I + jl- P

Thus, for small jl and p, T~z/To changes from negative to positive. Furthermore, IT~z/Tol~;~o
at 11 = 0° increases with decreasing jl when ~o -> O. On the other hand, it decreases with
decreasing jl when ~o is large.

Figure 4 shows the variation of ITqz/To I at 11 = 0° for an elliptical cavity. Also shown are
the graphs for a circle from [I]. We have also shown the low frequency results for a
Griffithcrackfrom [5]. In plotting for the crack, we have multiplied ITqz/To I by h(h = sinh ~o).

This is done because ITqz/To I at 11 = 0° becomes singular like l/sinh ~o when ~o -> O. Note
that

liml Tqz/Tol # lim ITqz/To \·
q~O ~o~O

~o~O q~O

We see from Fig. 4 that the low frequency expansion correct to 0(e3 In e) agrees well with
the exact solution for the circle up to e1 = 0·4. The agreement with the expansion to 0(e4 1n e)
for the crack is good up to e = 1·2. It was shown in [5] that the expansion to 0(e4 1n e) agrees
well with the exact solution up to e = 0·6. So our result also agrees with the exact solution
within this range. To get a better agreement one would have to keep many more terms in
the low frequency expansion. This suggests that the low frequency expansion presented in
this paper accurately predicts the behavior in O:$; e cosh ~o :$; 0·4 for all ~o. For
e cosh ~o > 0'4, the expansion agrees better for smaller ~o.

5. CONCLUSION

Matched asymptotic expansions have been used to obtain the near and far field distribu­
tions of the displacement when SH-waves are scattered by one elastic elliptic cylinder. The
analysis is valid when the wave number e is less than one and it has been found that the
expansion to 0(e4 In e) gives accurate results for all values of ~o if e cosh ~o :$; 0·4. The
approximation gets better the smaller ~o is. To get an estimate of the frequency range in
which this expansion gives good results, we note that for most materials Cz is 0(105 em/sec)
or larger. So e cosh ~o = 0·4 corresponds to w 0(0'4 X 105 cycles/sec) or larger if C cosh ~o

= 1 em.
Although the above analysis considers diffraction of SH-waves, the more general problem

of diffraction of P- and S-waves can be solved in a similar manner.
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APPENDIX

CSI = tDll [21n 2 + 1- - y + in/2]

Dn ' = - ialO .u(1 - ji/p)/[sinh 2~o + .u cosh 2~o]
4n

DSI = -e~o[~ (3ji - l)sinh3 ~o cosh ~o - /2Dlle-3~o(3ii sinh ~o + cosh ~o)

- sinh ~o cosh ~O(CSI - tDll~O)(ii - I) + tDllii sinh2 ~o

- 3~P Dll '(sinh ~o cosh 3~o - 3 cosh ~o sinh 3~o)] /.6.

DSI ' =.u[- ~ sinh2 ~o(sinh ~o + 3 cosh ~o) + l6Dlle-3~o + e~o(CSI -tDlI~o)

- tDll sinh ~o + 3~P D ll '(3 cosh 3~o + ii sinh 3~o)] /.6.

D S3 = -e3~o[f sinh2 ~o(sinh ~o cosh 3~o -.u cosh ~o sinh 3~o)

- 312Dlle-~O(3 cosh 3~o +.u sinh 3~o)

+ 3~P Dll '(3 sinh ~o cosh 3~o - cosh ~o sinh 3~o)] /.6."

D S3 ' = .u[f sinh2 ~oe~o -l6Dlle-~o + 3~P D ll '(3.u sinh ~o + cosh ~o)]/.6."

.6." = 3(cosh 3~o + .u sinh 3~o).

For the scattering by a circular cylindrical inclusion, we get

._ Dll .
WI = 1y + -_- sm e,

r
W/ = D ll 'l' sin e, l' = ria

.ii - I
D ll = 1 .u + I '

, . 2.u
D II =1--.u+ 1
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Wz = Wz' = D 30

I
W3 = -H2 + D30 In ;: + C30 + D32 -=2 cos 29

r

C30 = D 30(y -In 2 - inj2)

1.0-1 1,u-1
D 30 = - -_- , D 32 = - ----

2 P 4/l+1
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all . () D I . ()W4 = i- r sm + 41 -:: sm
n r

Also,

with

Ws = - -6
i

y3 - lDllr In r sin 9 + CSl rsin 9 +; D S1 sin 9 +_~ D 53 sin 39
r r

D51 = ,u ~ 1 [CS1 (,u - 1) - ~ (3,u - 1) -liiDu + ~ ~ D11']

C S1 =lDllr;+~-Y+ln2)

D _~,u-1
53 - 24,u + 1

W6 = D 70

W7 = -!D30 ;:2 + D 70 In r+ C70

C70 = D 70(y -In 2 - inj2), D 70 = (D30}2.

The constants for the elliptical cavity are found by letting ,u~ 00 and .0~ 00. This gives

D11 = ie~o cosh ~o, D30 = i sinh 2~o

D32 = ie2~o sinh 2~o

D S1 = e~o [- ~i sinh2 ~o cosh ~o + (CS1 - Dlleo/4}cosh eo - tDll sinh eo + l2Dlle-~o]

D S3 = e3~o [;4 sinh2 eo cosh eo + i6Dl1e-.:o]

D n = O.

A6cTpaKT - PaccMaTpHBaeTCJI ~cl>cl>PllKUHJI rapMOHH'IecKHX BOJIH OKOJlO 3J1J1HflTH'IeCKOrO

yrrpyroro IUlJIHIUlpa. Onpe,lleJIJIlOTCJI, TllKJKe, pe3YJIbTaTbI ,llJlJl CJIY1faJI3JIJIHfITH'IecKOil: nOJlOCTH.
):(aK>TCJl lfHCJleHHbIe pe3YJlbTaTbI.JJ;JIJI HanpaxceHH:ll: CJJ:IlHra B UHJIHIU\pe.


