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Abstract—Diffraction of SH-waves by an elliptic elastic cylinder has been discussed. Results
are derived also for the case of an elliptical cavity. Numerical results are presented for the shear
stress on the cylinder.

1. INTRODUCTION

Wave propagation in an elastic medium in the presence of variously shaped inclusions or
cavities is of interest in many areas of engineering and geophysics. For reasons of various
applications, the diffraction of elastic waves by an inclusion or a cavity has been the subject
of several studies in recent years (for a detailed review, see {1]). However, most of these
studies are concerned with diffraction by spheres, penny-shaped cracks or discs, circular
cylinders and Griffith cracks or rigid ribbons. The reason being that in the mathematical
analysis of diffraction problems, conventional techniques are limited to examples exhibiting
strong geometric symmetry.

In an earlier paper{2] we have used the method of matched asymptotic expansions to
solve the problem of diffraction of a P-wave by a rigid spheroidal inclusion. We presented
both the near- and far-field solutions and then presented numerical resuits for the far-field
displacement, stress distribution on the inclusion and the response of the inclusion. Various
limiting solutions that can be obtained from the spheroidal solution are discussed in {3] and
have been shown to agree with the exact solutions. It was found in [2, 3] that the expansion
of the displacement field for small wave numbers ¢ is a power series in &.

In the present paper we have used the same technique to solve the diffraction of SH-waves
by an elliptic elastic cylindrical inclusion. In this case, not only terms of 0(¢?) appear but
also those of O(¢?(In €)?). So the analysis is not as direct as in the three dimensional case and
thus is of some interest. Besides, the problem does not have a suitable exact solution (see (1],
pp. 446-451). In the case when elliptic inclusion is a cavity or when it is rigid, formal
solutions can be found (see [1], pp. 440-446). However, no numerical results have been
reported. Harper[4] has presented the solution for acoustic diffraction by a cylindrical
cavity by using the technique of matched asymptotic expansion. In that case the expansion
comes out to be in powers of 1/ln ¢ and is different from ours.

2. EQUATIONS

Consider an elastic elliptic cylinder of rigidity y,” embedded in an infinite elastic medium
of rigidity p,. We shall assume that the inclusion is in welded contact with the surrounding
medium. Let the z-axis be along the axis of the cylinder. Define elliptical coordinates in a
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plane perpendicular to the z-axis as

x = ¢ cosh & cos 7, y =csinh ¢ sinn

(M

¢ <& < oo, <<

The boundary of the ellipse is given by ¢ =&, .
Suppose that a plane SH-wave is incident along the p-axis. The displacement field
associated with the incident wave is given by

u,® = u® =0, w0 = WO = W, eir=C20, @)

Here k = w/C,, C, being the shear wave speed in the matrix and w/2rn is the frequency.
The complete wave outside the cylinder will be denoted by

e W = WOIW, + WEIIW, )
and that inside the cylinder by
e W = WUW,. 4)
Then W and W’ satisfy the equations
1(* &2 2
Zi(a—é§+-an—2)w+k W=0 5)
1 (8> &\, .,
}7(6—52+57_2)W + kW =0 (6)

h* = c*(cosh? & — cos? 1))
with k' = w/C,’, C,’ being the shear wave speed inside the cylinder. The boundary condi-
tions on & = £, are
W=w, &=¢
ow ow’ M

’

ﬂ:a—é=ﬂl—a?’ $=2&o.
Besides W must satisfy the radiation condition at infinity.

3. SOLUTION

We shall solve (5) and (6) for small values of &(= kc) and &'(= &'c). For this purpose, we
introduce the inner expansions as

W =1+ v(e)W, + v, (&)W, + ...

(3)
W =1+ v(e)W, + vy(e)W," + . ...
For the outer expansion, we assume
W =e7 + A(e)w (B, n) + A(e)w, + ... 9)

where

J=¢ylc =¢y, p =¢sinh &, (10)
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In terms of outer variables W satisfies the equation

& ¢,le ! az+1) 2( +62) (11)
= w = —— | sin?
"= (6 iV 55 T 7 on P (AT
For matching we shall introduce the intermediate variables
- .0 0
It is easily shown that
vi(e) =¢
W, =iy + D;,e"*sing
1= 11 (13)
W," = D,;"sinh £ siny
with
(1 — e sinh &, cosh &,
Dy =—-
A(Zo)
., et : o ,
Dy =i 7> A(&o) = cosh &, + sinh §, i, B=p/n.
A(Co)

Writing equation (13), in terms of intermediate variables and expanding in powers of 9,
we get

. o .
W, = ip; sin /8 + 1D, o sin 5 + 0(8%). (14)
L]

To find w, let us take A,(¢) = ¢2. Then we see from equation (11) that
Zw, =0, (15)
the solution of which we take as
wy = a0 Ho™(P) + a, H,(P)sin 1. (16)

Writing in terms of intermediate variables and expanding in powers of &/, equation (16)
gives

2i[da,, . ep D, &p in
W, = — — [ sp]: sin  — 2—5‘§ ln( 56)011 sinn —a;, ln(—af) - (y ~In2- E)alo

s
K

1 v, 1 1 &%p,” apa) 252
+ay, (4+¢_¥ 3 21n2)smr1+4 32 1(5 alo+0(s/6)] W)

Here 7 is the Euler’s constant, 0-5772. For matching to 0(¢d), we see that a,, = (in/4)D,,.
Next we choose v,(¢) = €2 In g, v,(e) = &2 with

Wz = Dzo = Wzl, (18)
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and
Wy = —1§® + Do + Cso + D3ye "¢ cos 21

1 mpy 19

Wy = (cosh 2& + cos 2n) + C;' + D3, cosh 2€ cos 2p.

By'py

From equation (19), we get

(52
= —1y;2/6% + Ds, [ln 5 +In 2 + }6%/ps? ] + Cy0+ D5, P cos 257 + 0(6*/p;*).  (20)
5

Thus for matching to 0(g?) we set

in
Qo= — —2’ D,
Cso = D3oly — 21In2 — in/2] (1)
D,y = Dj,.

The constants D;o, Dj,, Ci', D;,’ are determined from the boundary conditions on

=&y as
e?% sinh 2&,[cosh 2&,(i — 1) + 1 — p 1]

32 — 8A/

. - (22)
, _cosh 28, + jsinh 2§ — 1 + ji/p
32 — SA/
B=w/ps P =pilpys A" = sinh 2, + f cosh 2¢,
15—1 .
Dyp = - =——sinh 2
30 4 p- 50 (23)

Cio' = Cso + Do o + blcosh 2&0(@/p — 1) + 11.

Note that when p = 1, D34, and hence a,,, C;, and D,  vanish.
Proceeding in this manner, it can be shown that

W=1+eW, +e?lneW, + W, + &> IneW, + W5 + e*(In )2 Wy + * In e W, + 0(c*).

(24)

W' has a similar expansion. W,~W, and W,-W,’ are given by

.4y . . g

W, =i—sinh £siny + D e °sin

4 7 ¢ n 41 n 25)
W, = D, sinh £siny
Ws= — é 7 + sinh & sin 9(Cs; — +D,,)
+sing(Ds,e”% - 3—2—D116 %) + sin 3n(Dsse ™% — 5Dy e7¢)

(26)

W' =sin ;1[D51 sinh & — 2 D11 sinh 3;1]

+ sin 3;1[D53 sinh 3¢ — D“ sinh é]



Diffraction of SH-waves by an elliptic elastic cylinder 127
We =W¢' = D (27

W,y = — &l—am(cosh 2 + c08 21) + Do & + Cro+ Dqye™ 2 cos 21
T

- (28)
W, = — 2:_ g a,5(cosh 2¢ + cos 27) + Cao' + D5, cosh 2€ cos 2n.
T
The outer expansion is obtained as
w =e” + &[a,o H'(P) + a, H,"(P)sin 1] 29)

+ &* In g[ayo Hy(P) + ay, H, M (P)sin ] + 0(e*),

a,o and a,, are given in the appendix.

As a limiting case of the above analysis, one can now derive the solution for the circular
cylindrical inclusion. This limit is obtained by letting ¢—0 and &, &, — o such that
ce — 2r, ce®o — 2, where r is the distance from the center and a is the radius of the cylinder.
Writing ¢ = ka, we obtain

w =€ + e2[a; o Hy'"(F) + a, H,V(F)sin 0]

30
+ &* In elayo Hy " (F) + a, H,V(F)sin 0] + 0(e*). (30)

W is given by the same expansion (equation 24) with the new definition of ¢ and W,~-W,
are given in the appendix. It is easily shown that these expansions agree with the expansions
of the exact solution

W=eV+ 3 A, HyP(Fycos 2n0 + Y. Ay, HSL, ((F)sin(2n + 1)6 (31)
n=0 =

n=0
in terms of the near-field and far-field variables. Here

A, = &' 5 (€ 2,(8) — e 3, (e)J 34(2")
2n = E2n = H 1y J Y &' J, (eNH (1) ‘
BeH . () 3n(€) ~ €'J,5,(€)H 2, (8)

A,,,is obtained from 4,, by changing 2n to 2n + 1 and multiplying the resulting expression
by i.
g, =1, n=0
=2, n#0.

We can also derive the expansions for the field scattered by an elliptical cavity by using
the appropriate values of the constants. These are also given in the Appendix. As a limiting
case of the elliptical cavity, one can now find the solution for the Griffith crack by letting
£y, — 0. One obtains

D, =i a;, = —n/4, a;,0=0
W,=W, =0, D, = —if4, Ds, =Cs, + 3i/32

i 1 in
C5,—Z|:21n2—y+§+5] 32)
D53 = 'l_ W6 = W7 =0, dx =7t/16, aso =0.

96’
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Thus
W=1+i[y+ e“‘ssinn]—-;:-ﬁ Inely + e ¢sin gl

+e3[——t—§j}3+sinnsinh 5(05, —ig) (33)

i “E_L -3¢ _l_ i =38 . 3¢ 5
+smr7(DSle 3¢ )+9651n3n(e 3ie ,)}+0(£ In g).

This agrees with the result derived in [5}.

In the foregoing analysis, we have presented the results of an SH-wave incident along the
minor axis of the ellipse. However, it is a straightforward matter to extend it to include the
general incidence. In fact, when the wave is incident at an angle W, w will be given by
the same expansions (equations 24 and 29}. Of course, W;s will be more complicated
and the constants will be different.

4. NUMERICAL RESULTS AND DISCUSSION

In Figs. 1-4 we have plotted | 7,,/7,| and |1,./74| on & = &, for two types of composites
and for the scattering by a cavity. Here 1, = jeu, Wy/e. The matrix materials have been
taken to be aluminum and polymethyl methacrylate (PMMA) and the inclusions are taken
to be made of tungsten and 302 stainless steel, respectively. The values have been plotted
against g; = ¢ cosh &, for different £, . Note that in the limit when ¢ — 0, {; — oo such that
¢ cosh &, = a, £, becomes ka.

#

8.0 /;
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Fig. 1. Plot of |rz/+o| against &, for different & for Composite T at 9 = £90°
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Fig. 2. Plot of |7,/7o| against &, for different &, for Composite II at 7 = 490°.
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Fig. 3. Plot of |74/70| against &, for different £, for Composite I at 7 = 0°.
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— — H. |tnz/%o| FOR CRACK
—— FROM REF. (5]

~ —— CIRCULAR CYLINDER
FROM REF. [I]

Fig. 4. Plot of {7,/70| against £; at = 0° on an elliptical cavity.

Figure 1 shows the variations of |,,/t,| in the matrix for Composite I (tungsten fibre
embedded in aluminum matrix). Note that in this case & = 0-17 and p = 0-14. It is seen that
for &, = 5-0, the results agree very well with those for the circle to the same order of approxi-
mation. This is also found to be true for the Composite IT (302 stainless steel fibres in
PMMA matrix, see Fig. 2). For Composite I1 i = 0-028 and p = 0-15. Thus Composite 11
has almost the same density ratio, but its rigidity ratio is about one-sixth that of I. It is seen
that for small &, |1s/7,| at n = +90° is larger for Composite II than for Composite 1.
However, this trend is reversed for larger ¢;. For both cases, we find that |,,/7,| is larger
for positive ¢; on the illuminated side than on the shadow side. Figures 1 and 2 show that
at n = —90°, this ratio increases much more rapidly than at = +90°.

Figure 3 shows the variation of | 7,./7,| and | 7,,/14| at # = 0° for Composite I. It is seen
that | 7.,/1,| increases very rapidly for small &, . It is of interest to point out that | 7,,/7,|
first decreases with increasing &, and then increases. On closer examination of 7,,/7,, we
find that for small ¢ and at n = 0°,

ie _
Te/To = — i (D30 — 2D;,e72%) + 0(e° In ¢).
Thus, for small £, and small ¢
Ig _ R
Teo[To = +5:(1 — /gy at n=0°
D

If we let £, — oo with ¢ cosh £y — g, ¢ > ka, we get



Diffraction of SH-waves by an elliptic elastic cylinder 131

Thus, for small fi and g, T/, changes from negative to positive. Furthermore, | t¢,/7o|s=¢,
at = 0° increases with decreasing it when £; — 0. On the other hand, it decreases with
decreasing i when &, is large.

Figure 4 shows the variation of |7,./7,| at # = 0° for an elliptical cavity. Also shown are
the graphs for a circle from [1]. We have also shown the low frequency results for a
Griffith crack from [5]. In plotting for the crack, we have multiplied | t,./7o| by A(h = sinh &,).
This is done because |1,./79| at # = 0° becomes singular like I/sinh &, when £, — 0. Note
that

lim| t,./to| # lim |7,./70].
70 g0
£o—0 n-0

We see from Fig. 4 that the low frequency expansion correct to 0(¢® In &) agrees well with
the exact solution for the circle up to ¢, = 0-4. The agreement with the expansion to 0(e* In &)
for the crack is good up to & = 1-2. It was shown in [5] that the expansion to 0(¢* In ¢) agrees
well with the exact solution up to ¢ = 0-6. So our result also agrees with the exact solution
within this range. To get a better agreement one would have to keep many more terms in
the low frequency expansion. This suggests that the low frequency expansion presented in
this paper accurately predicts the behavior in 0 <ecoshé, <04 for all & . For
£ cosh &, > 0-4, the expansion agrees better for smaller &, .

5. CONCLUSION

Matched asymptotic expansions have been used to obtain the near and far field distribu-
tions of the displacement when SH-waves are scattered by one elastic elliptic cylinder. The
analysis is valid when the wave number ¢ is less than one and it has been found that the
expansion to 0(¢* In g) gives accurate results for all values of ¢, if ¢ cosh &, < 0-4. The
approximation gets better the smaller £, is. To get an estimate of the frequency range in
which this expansion gives good results, we note that for most materials C, is 0(10° cm/sec)
or larger. So & cosh £, = 0-4 corresponds to @ 0(0-4 x 10° cycles/sec) or larger if C cosh &,
=1cm.

Although the above analysis considers diffraction of SH-waves, the more general problem
of diffraction of P- and S-waves can be solved in a similar manner.

REFERENCES

1. C. C. Mow and Y. H. Pao, The Diffraction of Elastic Waves and Dynamic Stress Concentrations, Rand
Corporation Report # R-482-PR (1971).

2. S.K.Datta and J. D. Sangster, Response of a rigid spheroidal inclusion to an incident plane compressional
elastic wave. SIAM J. appl. Math. to be published.

, Response of a Rigid Spheroidal Inclusion to an Incident Plane Compressional Elastic Wave. Report
# CUMER-73-1, Feb. (1973), Department of Mechanical Engineering, University of Colorado.

4. E. Y. Harper, Diffraction of plane acoustic waves and pulses as a singular perturbation problem. J. Math.
Phys. 10, 1795-1803 (1969).

5. A. K. Mal, A note on the low frequency diffraction of elastic waves by a Griffith crack. Int. J. Engng. Sci.
10, 609-612 (1972).

3.




132 S. K. DATTA

APPENDIX
C51 = %Dll[z 1n2 + '5’ hdl + in/2]

C’go = D?O(? bl 2 111 2 - f‘.’tfz) + ia10/47€

i 7 i r
D41 = Z (Du)za D,/ = é_l Dan

iay, . _
Do = 27‘; sinh 260(p — 1) = (D3,)?

Dax= % e?%(1 — f/p)/[1 + @i coth 2&,]

iag - N -
D, =— 4_7‘:’- fi(1 — fi/p)/[sinh 2¢, + fi cosh 2&,]

Ds, = —e [é (3 — Dsinh?® & cosh &y — 545Dy e 3“3z sinh &, + cosh &)

— sinh &, cosh &6(Csy — 3Dy &) E — 1) + 3Dy i sinh?® &,

]

_ %ﬁ D,,’(sinh &, cosh 3¢, — 3 cosh &, sinh 350)}/A

i, . -
D, = ‘7[_ §Slnh2 Eo(sinh &, + 3 cosh &o) + 6Dy e 7%% + e%(Cs; —1D;(&o)
1
~ 4Dy sinh & + 35 Dyy/@ cosh 38, + fsinh 350)] / A

Dy = —e3% [-; sinh? &y (sinh &, cosh 3¢, — ji cosh &, sinh 3&,)

— 34D, e (3 cosh 3¢, + ji sinh 3&,)

+ 3—'12% D, '3 sinh &, cosh 3&, — cosh &, sinh 360)] / A"

1 1
D' = ;2[% sinh? £y el — T%Due“fo + ﬁ—ﬁ D,'(3a sinh &, + cosh Eo)] / A"

A" = 3(cosh 3&, + f sinh 3&,).

For the scattering by a circular cylindrical inclusion, we get
- Dn . ’ P -
W, =iy + —sin§, W, = D,,'Fsin 8, F=rla
r

a-1 .. 20
irl Deia

D, =i
1 g+
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W, =W;" = Dy
1
W3 = ‘}1.‘.?2 + D3(} ln F + C30 + D32 ;_’ECOS 29

C30 = D3o(y — In2 — inf2)

_1p-—1 1ag—-1

30 = e 32—4!1"*'1
in

011=’2‘D11, 010——‘2‘1)30

a . 1.
W,=i—LFsin@+ Dy, ~sinb
n F

i
D41 = 5 (Du)z

az = 3 Dy, Qz0 = D'ms Dyo = (D30)2.
Also,
] . . 1 X 1 .
Ws = -%)‘:3 — 4Dy rinFsin @ + CSIrsmﬂ-i—;Dn sin 8 + ;§D53sm39
with

1 g,
Ds, =TT [C51(ﬂ )—-—(3u— D —3aDyy +7 _Du]

in. 1
= o —y+]
Cs, wn(z+2 v+ n2)
1;1,-—1
D
B3 %ar1
W6=D70

W, = —3D3oF? + DygIn¥ + Cqq
Cr0 = Doy — In 2 — in/2), D70 = (D30)*.
The constants for the elliptical cavity are found by letting i — « and § — oo. This gives
D, =ie*ocosh &y,  D;o = }sinh2¢,
D,, = 3?0 sinh 2¢,

3i . .
Dy =eo I:- '81 sinh? &, cosh &, + (Csy — Dy &o/4)cosh &, — 3D sinh &, + 3_32‘D113“§°}

Dsy =e*% E‘i sinh? &, cosh &, + ;,—%D,le_‘fv]
D72 == 0.

AGcrpakT — Paccmartpusaerca muddpakimsa rapMOHMYECKHX BOJH OKOJIO SJUIKITHYECKOTO
ynpyroro nunaHapa. OnpeeisroTcs, TAKKE, Pe3yAbTATE VIS CTy4as HUTHITHYECKOH HONIOCTH.
Jarorcs MHMClIeHHbIe pe3yJIbTAThI A HapaXeHui COBUIra B UHIIHHADE.,



